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1. INTRODUCTION
The aim of this paper is to present a Gaschu¨tz–Lubeseder type theorem
in the class cL¯ of all radical locally finite groups satisfying min−p for all
primes p. Notice that these groups are countable and co-Hopfian by [1,
(5.4.8)].
In retrospect, the theory of saturated formations of finite soluble groups
began with the results of Gaschu¨tz [3] in 1963. He introduced the concept
of “covering subgroup” as a generalization of Sylow and Hall subgroups.
These covering subgroups have many of the properties of Sylow and Hall
subgroups other than the arithmetic ones. The main idea of Gaschu¨tz’s
work was concerned with group theoretical classes having the same proper-
ties. He defined a formation F to be a Q;R0-closed class of finite groups
and he called F saturated if a group G ∈ F whenever the Frattini fac-
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tor group G/φG ∈ F , where φG is the Frattini subgroup of the finite
group G. A subgroup E is an F -covering subgroup of G if E ∈ F and when-
ever E ≤ H ≤ G and K ÅH with H/K ∈ F , then H = EK. He proved in
the same paper that a formation of finite soluble groups is saturated if and
only if every finite soluble group has F -covering subgroups.
Gaschu¨tz and Lubeseder [4] gave an alternative treatment of saturated
formations in finite soluble groups. They proved that these were precisely
the same classes as the so-called “locally defined” ones. This result is one
of the most important in the theory of formations of finite soluble groups
and it has turned out to be rather useful also for infinite group theorists.
In fact, the basic results of Gaschu¨tz and Lubeseder have been extended to
various classes of infinite groups, particularly in locally finite ones (see [1]
for an excellent reference). The definition of saturated formation is done
locally in infinite groups to avoid situations where a given group has no
maximal subgroups.
On the other hand, Schunck [7] characterized those classes X of finite
soluble groups for which every soluble group has X-covering subgroups;
these Schunck classes are more general than saturated formations and they
are defined in terms of primitive groups. Recently Tomkinson [10] and
Ho¨fling [6] have obtained some results concerning Schunck classes in in-
finite groups; these appear to be the first studies of this kind undertaken
in locally finite groups. They use the concept of semiprimitive group intro-
duced by Hartley in [5].
There is an interesting relation between saturated cL¯-formations and
semiprimitive groups as is proved in the following:
Proposition 1. Let F be a saturated cL¯-formation and let G be a semi-
primitive group. Then G belongs to F if and only if G is the union of an
ascending chain of finite F -subgroups.
In addition, Tomkinson [8] introduced a subgroup µG in every group
G which is a variation on the Frattini subgroup and he showed that, for
various classes of infinite groups, µG has many of the properties of the
Frattini subgroup. In fact, µG = φG when G is finitely generated and
G is locally nilpotent if and only if G/µG is locally nilpotent.
This fact together with the above result motivates the following definition.
Definition 1. A cL¯-formation F is said to be Eµ-closed if F enjoys the
following properties:
(a) A cL¯-group G is in F if and only if G/µG is in F .
(b) A semiprimitive group G is an F -group if and only if it is the
union of an ascending chain Gi x i ∈  of finite F -subgroups.
564 ballester-bolinches and camp-mora
The main result of the present paper is the following:
Theorem A. Let F be a cL¯-formation. Then F is Eµ-closed if and only
if F is a saturated cL¯-formation.
We shall adhere to the notation employed in [1, 2]. These excellent books
will be our references for the results concerning formations.
2. MAJOR SUBGROUPS
Let U be a subgroup of a group G and consider the properly ascending
chains
U = U0 < U1 < · · · < Uα = G
from U to G. Define mU to be the least upper bound of the types α of
all such chains.
Clearly mU = 1 if and only if U is a maximal subgroup of G.
A proper subgroup M of G is said to be a major subgroup of G if mU =
mM whenever M ≤ U < G.
The intersection of all major subgroups of G is denoted by µG, which
coincides with the Frattini subgroup, φG, if G is finitely generated. Propo-
sition 2.1 in [8] asserts that every proper subgroup is contained in a major
subgroup of G. So µG is always a proper subgroup of G.
The reader is referred to [8] for properties of µG and related results.
We would like to note that in the book [1] the second part of Theorem
5.5.13 is missing the word “co-Hopfian.”
Recall that a finite group G is primitive if it has a maximal subgroup with
trivial core.
Following [10], a group G is semiprimitive if it is the semidirect product
G = DM , where M is a finite soluble group with trivial core and D is a
divisible abelian group such that every proper M-invariant subgroup of D
is finite.
Concerning major subgroups and semiprimitive groups, we have the fol-
lowing result:
Theorem 1. Let G be a cL¯-group and let M be a major subgroup of G.
Then:
(a) If M is a maximal subgroup of G, then G/CoreGM is a finite
primitive soluble group.
(b) If M is not maximal in G, then G/CoreGM is a semiprimitive
group.
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Proof. By a theorem of Kargapolov [1, (2.5.14)], G contains a radicable
abelian normal subgroup G0 such that G/G0 is residually finite and the
Sylow p-subgroups of G/G0 are finite, for each prime p.
Since the class cL¯ is Q-closed, we can assume that CoreGM =MG = 1.
Assume that G = MG0. Then M ∩G0 is a normal subgroup of G con-
tained in M . Hence M ∩G0 = 1 = CMG0. In particular, M is an auto-
morphism group of G0.
Suppose first that G0 is a Chernikov group. Then, by [1, (1.5.17)], the
subgroup M is finite. If M is a maximal subgroup of G, then the entire
group G is finite and (a) holds.
Suppose that G0 is not a Chernikov group. Then there exists a prime p
such that 1 6= Op′ G0 6= G0. Since M ∩G0 = 1, it follows that MOp′ G0
is a proper subgroup of G. Hence MOp′ G0 is a major subgroup of G
and mM = mMOp′ G0. Since G0/Op′ G0 is a Chernikov group by
[1, (2.5.13)], it follows by the above argument that G/MOp′ G0G is a
semiprimitive group. In particular mMOp′ G0 = ω. Hence mM = ω.
It follows that every properly ascending chain from M to MOp′ G0 is
finite by [8, Lemma 2.2]. Since Op′ G0 is abelian, the number of pri-
mary components of Op′ G0 is finite. This contradicts the fact that
G0 is not a Chernikov group. Therefore the theorem holds in the case
G =MG0.
Consider now the case where MG0 is a proper subgroup of G. Suppose
that M is a maximal subgroup of G. Then G0 is contained in M and so G0
is contained in MG = 1. Therefore the Sylow subgroups of G are finite. Let
N be a minimal normal subgroup of G (notice that this N exists because G
is a radical group). By [1, (1.2.4)], N is a finite elementary abelian p-group
for some prime p. Since M is maximal in G and MG = 1, it follows that
G = MN and M ∩N = 1. Consequently Gx M is finite and G is a finite
primitive group.
Assume that M is a non-maximal major subgroup of G. Then M1 =MG0
is a non-maximal major subgroup of G and G/M1G has finite Sylow sub-
groups. Denote with bars the images in G¯ = G/M1G. Suppose there exists
a prime p such that M¯1Op′ G¯ is a proper subgroup of G¯. Since G¯/Op′ G¯
is a Chernikov group with finite Sylow subgroups, it follows that G¯/Op′ G¯
is finite. Since M¯1Op′ G¯/Op′ G¯ is a major subgroup of G¯/Op′ G¯, we
actually have that M¯1Op′ G¯ is a maximal subgroup of G¯. Since M¯1 is a
major subgroup of G¯, it follows that M¯1 is also a maximal subgroup of G¯,
a contradiction.
Consequently G¯ = M¯1Op′ G¯ for all primes p. Then M¯1 contains a Sylow
p-subgroup of G¯ for each prime p by [1, (3.1.6)]. That is, M¯1 is a basic
subgroup of G. Hence M¯1 = G¯, by [1, (5.4.8)], a contradiction.
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3. SATURATED FORMATIONS
The following result is a general version of a particular case of [2,
(IV.3.12)].
Lemma 1. Let F be a cL¯-formation. For each prime p, we define f p =
QG ∈ F  Op′ G = 1. Then f p is a possibly empty cL¯-formation.
Proof. It is clear that f p is Q-closed. Suppose that G ∈ Rf p. Then
there exist groups Gi ∈ f p; i ∈ I, and epimorphisms αi from G onto
Gi such that
T
i∈I Kerαi = 1. The map α from G to Cri∈IGi defined by
gα = gαii∈I is a monomorphism.
Since Gi ∈ f p there exist a group Hi ∈ F such that Op′ Hi = 1 and
an epimorphism βi from Hi onto Gi.
Let β be the epimorphism from Cri∈IHi onto Cri∈IGi defined by
hii∈Iβ = hiβii∈I . Let H = Gαβ−1. It is clear that H is subdirect in
Cri∈IHi. Hence H ∈ RF = F . Denote by pii the projection of Cri∈IHi onto
Hi. Then Op′ Hpii ≤ Op′ Hpii = Op′ Hi = 1.
Therefore Op′ H = 1 and H ∈ f p. Since G is isomorphic to a quotient
of H, it follows that G ∈ f p.
The next result extends to infinite groups a particular case of a very useful
result of Bryant et al. (see [2, (IV.1.14)]).
For the sake of completeness, we include a proof of the result.
Lemma 2. Let F be a cL¯-formation and let G = KW be a cL¯-group such
that K is an abelian normal subgroup of G. If G ∈ F , then W ∈ F .
Proof. Consider the following subgroups of the direct product G×G×
G, which is clearly a cL¯-group:
W ∗ = w;w;w  w ∈ W  ' W;
D = k; k; 1  k ∈ K ' K;
E = 1; k; k  k ∈ K ' K:
Let F = D;E. Since D and E are abelian and D∩E = 1 it follows that
F = D×E is also abelian. Moreover W ∗ normalizes D and E, so H = FW ∗
is a subgroup of G × G × G ∈ F . Now, since G = KW , evidently H is
subdirect in G×G×G. So H ∈ F .
This means that DW ∗ ' H/E also belongs to F . Finally W ' W ∗ '
DW ∗/D ∈ F and the lemma is proved.
Recall that if X is a class of groups, X∗ denotes the class of all finite
X-groups.
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Let F be a cL¯-formation. For each prime p, we define f ∗p = QG ∈
F ∗  Op′ G = 1; f ∗p is a formation of finite soluble groups by [2,
(IV.1.10)] and f ∗p ⊆ f p∗.
The next lemma shows that in fact these two classes coincide.
Lemma 3. Let F be a cL¯-formation. Then
f ∗p = f p∗
for all primes p.
Proof. It is clear that only f p∗ ⊆ f ∗p must be proved.
If f p∗ = Z, then f ∗p = Z and the equality holds. Suppose that
f p∗ 6= Z and let G∗ ∈ f p∗. Then there exists a group G ∈ F such
that Op′ G = 1 and a normal subgroup K of G with G∗ ' G/K. By [1,
(2.5.13)], G is a Chernikov group since Op′ G = 1. Moreover the radicable
part G0 of G is an abelian p-group.
Let H be a finite subgroup of G such that G = G0H. For each i ≥ 0,
let G0i be the subgroup of G
0 generated by elements of order dividing pi.
Then G = Si≥0Gi, where Gi = G0i H is a finite group for all i. By Lemma
2, Gi ∈ F for all i because G = G0Gi. Suppose that there exists i ≥ 0 such
that Op′ Gi = 1. Then since G/K is finite, we have that G0 is contained
in K. Hence G = GiK and G/K is isomorphic to Gi/Gi ∩K. This means
that G∗ ∈ f ∗p and the lemma is proved.
Therefore we can assume that Op′ Gi 6= 1 for each i ≥ 0.
Since G0 is a p-group, it follows that the Sylow p′-subgroups of G are
finite and by [1, (2.2.3)] all of them are conjugate in G. Let Q be a Sylow
p′-subgroup of G. Then there exists j ≥ 0 such that Q is contained in Gj .
Hence Op′ Gj+k is contained in Gj for all k ≥ 0.
Let l ≥ j such that Op′ Gl is minimal. Since Op′ Gl+t is contained in
Op′ Gl for every t ≥ 0, we actually have Op′ Gl = Op′ Gl+t for all t ≥ 0.
Because G = St≥0Gl+t , it follows that Op′ Gl is a normal subgroup of G
and so 1 6= Op′ Gl is contained in Op′ G = 1, a contradiction.
The proof of the lemma is now complete.
4. PROOF OF PROPOSITION 1 AND THEOREM A
Proof of Proposition 1. Let F be a saturated cL¯-formation. Let G =
DM be a semiprimitive group, where D is a faithful divisibly irreducible
ZM-module and M is a finite soluble group with trivial core. It is clear
that D is a p-group for a prime p.
Suppose that G ∈ F and let Di = Dpi be the set of elements of order
dividing pi. Then Gi = DiM is a finite subgroup of G for all i and G =S
i≥0Gi. Since G = DGi, it follows by Lemma 2 that Gi ∈ F .
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Conversely, suppose that G = Si≥0Gi is the union of an ascending chain
of finite F -subgroups Gi. Without loss of generality we can assume that
G0 =M .
If A/B is a p-chief factor of G with A ≤ D, then A is finite since D
is divisibly irreducible. Therefore A ≤ Gi, for some i. Since G = DGi,
A/B is a p-chief factor of Gi. Therefore G/CGA/B is isomorphic to
Gi/CGiA/B. Since Gi ∈ F , then Gi/CGiA/B ∈ f p where f is a pre-
formation function defining F . Consequently G ∈ F and the proposition is
proved.
We are now ready to prove the main result of the paper.
Suppose first that F is a saturated cL¯-formation. Assume that G is a cL¯-
group such that G/µG ∈ F . By [1, (6.4.11)], G possesses F -projectors.
Let H be one of them. If H were a proper subgroup of G, then H would be
contained in a major subgroup M of G. So HµG would be contained in
M . Since HµG/µG is an F -projector of G/µG ∈ F , we would have
G = HµG =M , a contradiction. So H = G and G ∈ F .
Consequently every saturated cL¯-formation is Eµ-closed.
Conversely, assume that F is an Eµ-closed cL¯-formation. For each prime
p, denote by f p = QG ∈ F  Op′ G = 1. Let pi be the set of primes
p such that f p is non-empty. Let H be the saturated cL¯-formation lo-
cally defined by f pp∈pi . We shall prove that F = H . If G ∈ F , then
G/Op′ G ∈ f p for all p ∈ pi. So G/Op′pG ∈ f p for all p ∈ pi and
G ∈ H . The inclusion F ⊆ H is now clear.
Let p ∈ pi. We prove that Spf p = f p. Let G be a group in Spf p.
Suppose that Op′ G = 1. Then G is a Chernikov group by [1, (2.5.13)].
We let G0 denote the finite residual of G. Then G0 is a p-group and
G/G0 ∈ S ∗pf p∗. Since, by Lemma 3, f ∗p = f p∗, it follows that
G/G0 ∈ S ∗pf ∗p = f ∗p by [2, (IV.3.7)].
Let A be a maximal subgroup of G. Then, by Theorem 1, G/AG is a
finite primitive soluble group. So G0 is contained in AG and then G/AG ∈
f ∗p ⊆ F ∗ ⊆ F .
Let M be a non-maximal major subgroup of G. Then G/MG is a
semiprimitive group by Theorem 1 and 1 6= G0MG/MG. Furthermore
G = G0M and G0MG/MG is the finite residual of G/MG and thus it is a
p-group. Moreover M/MG ∈ f ∗p. For all i ≥ 0, let
Gi/MG = iG/MG0M/MG;
where iG/MG0 is the subgroup generated by elements of G/MG0 of
order dividing pi. Then G/MG =
S
i≥0Gi/MG and Gi/MG is finite for all
i ≥ 0. Since M/MG ∈ f ∗p, it follows that Gi/MG ∈ S ∗pf ∗p = f ∗p for
all i ≥ 0. In particular, G/MG is the union of an ascending chain of finite
F -subgroups. Since F is Eµ-closed, we have that G/MG ∈ F .
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In all the cases, G/HG belongs to F for each major subgroup H of G.
Since F is a formation, G/µG ∈ F and so G ∈ F because F is Eµ-
closed. Since Op′ G = 1, we actually have G ∈ f p. Now if Op′ G 6=
1, then G/Op′ G is a group in Spf p and Op′ G/Op′ G = 1. By the
above argument, G/Op′ G ∈ f p. Since G/OpG ∈ f p, it follows that
G ∈ f p.
Consequently Spf p = f p for all p ∈ pi and
H = cL¯ ∩ \
p∈pi
Sp′Spf p = cL¯ ∩
\
p∈pi




Let G ∈ H , then G/Op′ G ∈ F ∀p ∈ pi. Since
T
p∈pi Op′ G = 1 and F
is a formation, we have that G ∈ F .
Therefore F = H is a saturated formation and the proof of the theorem
is now complete.
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